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Abstract. We study the Jacobi osculating rank of geodesies on naturally reductive ho- 
mogeneous manifolds and we apply this theory to the 3-dimensional case. Here, each non- 
symmetric, simply connected naturally reductive 3-manifold can be given as a principal 
bundle M^(k, r) over a surface of constant curvature k, such that the curvature of its hor- 
izontal distribution is a constant r > 0, with 7^ k. Then, we prove that the Jacobi 
osculating rank of every geodesic of M"^(k, r) is two except for the Hopf fibers, where it is 
zero. Moreover, we determine all isotropic geodesies and the isotropic tangent conjugate 
locus. 
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1. Introduction 



A Jacobi field F on a homogeneous Riemannian manifold {M,g) which is the restriction 
of a Killing vector field along a geodesic is called isotropic [21]. From the homogeneity of 
{M,g), it means that V is the restriction of a fundamental vector field of some element X in 
the Lie algebra of the isometry group I{M,g) of {M,g). If moreover V vanishes at a point of 
the geodesic, then X belongs to the Lie algebra of the isotropy subgroup at this point. This 
particular situation was what originally motivated the term isotropic (see [3] and [4]). 
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Two points p,q G M are said to be isotropically conjugate if there exists a nonzero isotropic 
Jacobi field V along a geodesic passing through p and q such that V vanishes at these points. 
Clearly, they are isotropically conjugate along any geodesic joining p to q. When every Jacobi 
field vanishing at p and q is isotropic, we say that they are strictly isotropic conjugate points. 

On symmetric spaces, the Jacobi equation has simple solutions and one directly obtains 
that any pair of conjugate points in a Riemannian symmetric space are strictly isotropic (see 
|12|). On [8], Remark 4.7] are constructed examples of 3-symmetric spaces admitting pairs of 
conjugate points which are isotropic but not strictly isotropic. A geodesic starting at a point 
p G M is said to be isotropic (resp., strictly isotropic) if each one of its conjugate points to 
p is isotropic (resp., strictly isotropic). Then, all geodesic on a symmetric space is strictly 
isotropic. In the case of a naturally reductive space, W. Ziller in [21] proposed to examine 
conjectures like: A naturally reductive space with the property that all its geodesies are strictly 
isotropic is locally symmetric. A positive answer to the conjecture for n < 5 is given in [12] 
and in [8], for naturally reductive compact 3-symmetric spaces. 

The parallel translation of the Jacobi operator R^^ := -R(7^, along a geodesic 7^ 
starting at the origin o of a naturally reductive homogeneous manifold (M = G/K,g) with 
7^(0) = u, for some unit vector u £ m = TqM, determines a curve Ru{t) in the space of the 
self-adjoint operators S(m) of m, which is an orbit of a one-parameter subgroup of isometrics of 
this space. Then, as it is shown in Lemma [331 such a curve has constant osculating rank. We 
refer to such constant as the Jacobi osculating rank of the geodesic ju and it will be denoted 
by rankosc(tt). Then, there exist smooth functions ai, . . . , a^, where r = rankosc(^i)! such that 

Ru{t) = RuiO) + ai(tX(0) + • • • + a,(t)K^(0), 

R'uiO), . . . ,Ru{0) are linearly independent in S(m) and r < MZLiii^ ^ = dimM. Moreover, in 
Lemma [3?7l one obtains that the Jacobi osculating rank is also the osculating rank of the curve 
obtained in S(m) by parallel translation of the Jacobi operator for the canonical connection 
adapted to a reductive decomposition of (M = G/K,g). 

When the Jacobi osculating rank does not depend on the choice of the geodesic, the nat- 
urally reductive homogeneous space is said to have constant Jacobi osculating rank. Clearly, 
symmetric spaces have Jacobi constant osculating rank zero, or equivalently all these curves 
are constant, and for the simply connected case, in Theorem 13.61 the converse is stated. Then 
the notion of Jacobi osculating rank can be view as a natural way to 'measure' what a nat- 
urally reductive homogeneous space, or more general a g.o. space (see Remark 13. 4|) moves 
away from to be locally symmetric. 

Some examples of non-symmetric naturally reductive spaces with constant Jacobi osculating 
rank are already known. Concretely, A. M. Naveira and A. Tarrfo in [TB] and, together with 
E. Macias, in p5| have proved that the Berger manifold Vi = Sp{2)/SU{2) and the Wilking 
manifold V3 = (50(3) x 5C/(3))/C/*(2), endowed this last one with a particular bi-invariant 
metric, have constant Jacobi osculating rank two and, in the context of g.o. spaces, T. 
Arias-Marco and A. M. Naveira in [T] have shown that the Jacobi osculating rank of the 
six-dimensional Kaplan's example is constant equals four. (See [H], for a brief survey on 
isotropic Jacobi fields and Jacobi osculating rank and for further references.) For a general 
naturally reductive homogeneous space, the constancy of the Jacobi osculating rank is not 
necessarily satisfied. In fact, as a consequence from Proposition 13.91 one obtains that non- 
locally symmetric naturally reductive spaces of dimension n < 5, generalized Heisenberg 
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groups, Berger spheres or (/^-symmetric spaces are some examples of non-constant Jacobi 
osculating rank. 

In this article, we shall focus our attention on naturally reductive homogeneous spaces 
of dimension 3. The classification for the simply connected case is well known pO] (see also 
[6], They are the symmetric spaces IR^, S^{c), H^{-c), S^{c) x JR and H^{-c) x 

JR, where c > 0, and unimodular Lie groups equipped with a left invariant metric such 
that the dimension of their isometry groups is four. Each one of these spaces fibers as an 
one-dimensional principal fiber bundle over a complete simply connected surface of constant 
curvature k and the horizontal distribution of this fibration is the kernel of a connection form 
with constant curvature r, which can be taken positive (see [9], [E]). The fibers are geodesies 
and there exists a one-parameter family of translations along the fibers, generated by a unit 
Killing vector field ^, the Hopf vector field. Then these manifolds, which will be denoted 
by M^(k, r), are classified, up to isometry, in terms of the pair (k, r), where k 7^ and 
r > 0, into three types: Berger spheres S^{k,t), if k > 0; the universal covering SL2{k,t) of 
SL{2,]R){k,t), if k < 0; and the Heisenberg group Hs{t), if k = 0. 

Because ^s a unit Killing vector field, every geodesic 7^ on M^{k,t) intersects each fiber 
with a constant slope angle 9 = ang(^o, u) g]0, 7r[. Moreover, according with Lemma [4?2l every 
pair of geodesies starting at the origin with same slope angle are related under the isotropy 
action. It allows us to prove in Theorem 14.31 that the Jacobi osculating rank of every geodesic 
on M^{k,t) is two except for the Hopf fibers, where it is zero. Moreover, for each slope angle 
9 g]0, 7r[, the curve Ru{t) in S(m) is a circle whose radius contracts to the point R^^ as 9 
converges to or to vr. 

S. Engel determined in [7| the conjugate radius and the cut locus of M^(k, r), as generali- 
sation of the results on Berger spheres carried out by Sasaki [18] and Rakotoniaina [17]. Here, 
we go forward with this research. First, taking into account that, by using the adapted canon- 
ical connection, the Jacobi equation can be expressed as a differential equation with constant 
coefficients, we obtain in Theorem 15.21 all isotropic conjugate points of M^(k, r). Then its 
isotropic geodesies can be explicitly determined. They are one-to-one geodesies without pairs 
of conjugate points and with slope angle 9 equals to 7r/2 for H^{t) and € [SjVr — e], where 
e = arctan r/V— ^, for SL2{k,t). S^{k,t) does not admit any isotropic geodesic. Finally, the 
tangent conjugate and isotropic conjugate locus of M^{k,t) are given as union of surfaces of 
revolution about the Hopf direction. 



2. Preliminaries 

Let (M, g) be a connected homogeneous Riemannian manifold. As it is well-known, (M, g) 
can be expressed as coset space G/K, where G is a connected Lie group of isometrics acting 
transitively and effectively on M, K is the isotropy subgroup of G at some point G M, 
the origin of M, and g is considered as a G-invariant Riemannian metric on G/K. Moreover, 
we can assume that G/K is a reductive homogeneous space, i.e., there is an yl(i(ir)-invariant 
subspace m of the Lie algebra g of G such that g = m © 6, 6 being the Lie algebra of K. 
Such quotient representation of {M,g) is in general not unique. (M = G/K,g) is said to 
be naturally reductive, or more precisely G-naturally reductive, if there exists a reductive 
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decomposition g = m © 6 satisfying 

(2.1) <[X,YUZ> + <[X,ZUY>=Q 

for all X, y, Z G m, where [X, Y]xn denotes the m-component of [X, Y] and <, > is the metric 
induced by g on m, by using the canonical identification m = TqM. If there exists a bi-invariant 
metric i? on g whose restriction to m = 6"*" is the metric <, >, the (naturally reductive) space 
(M = G/K,g) is called normal homogeneous. Then, for all X, y, Z G g, we have 

(2.2) B{[X,Y],Z) + B{[X,Z],Y)=Q. 

For each X ^ q, the mapping ip : IR x M ^ M, {t,p) £ IR x M ^ iptip) = {exptX)p is a 
one-parameter group of isometrics and consequently, ip induces a Killing vector field X* given 
by 

(2.3) ^P = 4 (exptX)p, peM. 

^ at \t=o 

X* is called the fundamental vector field or the infinitesimal G-motion corresponding to X 
on M. If G = Io{M,g), then all (complete) Killing vector field on M is a fundamental vector 
field X* , for some X G g. For any a G G, we have 

(2.4) iAdaX):p = a,pX;, 

where a=Kp denotes the differential map of a at p G M. 

Next, let T denote the torsion tensor and R the corresponding curvature tensor of the 
canonical connection V of (M, g) adapted to the reductive decomposition g = m © 6 [HI I, 
p. 110] defined by the sign convention R{X,Y) = V[x,y] " [Vx, Vy] and f{X,Y) = VxY - 
VyX - [X,Y], for all X,Y £ X{M), the Lie algebra of smooth vector fields on M. Then, 
these tensors are given by 

(2.5) foiX,Y) = -[X,YU , Ro{X,Y) = ad[x,Y], 

and we have V^r = VT = VR = 0. On naturally reductive homogeneous manifolds (M = 
G/K,g), the tensor field 5 = V — V, where V denotes the Levi Civita connection of {M,g), 
is a homogeneous structure [20] satisfying SxY = —SyX = —^T{X,Y), for all X, y G X{M), 
and we get 

(2.6) RxY = RxY + [Sx, Sy] - 2Ss^Y. 

Then V and V have the same geodesies and, consequently, the same Jacobi fields (see [21]). 
Such geodesies are orbits of one-parameter subgroups of G of type exp tu where it G m. In 
what follows, we shall denote by ju the unit-speed geodesic starting at the origin o with 
7^(0) = u, ||n|| = 1. Then 7u(t) := {exptu)o and the Jacobi equation for V coincides with 
the Jacobi equation for V, 



T^—+R^V = 0, 



dt^ ^ dt ^ ^ 

where Ity = R{'-f',-)^' and = T{'y',-). Taking into account that VT = VR = and the 
parallel translation with respect to V of tangent vectors at the origin along 7^ coincides with 
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the differential of exptn G G acting on M, it follows that any Jacobi field V along 7(t) can 
be expressed as V{t) = (exptu)^:oX{t) where X{t) is solution of the differential equation 

(2.7) X"{t) - fuX'{t) + RuX{t) = 

in the vector space m, being TuX = T{u,X) = — [u,X]m and RuX = R{u,X)u = 
(see [12j, ^21J for more details). 

A Jacobi field V along 7^ with F(0) = is said to be G-isotropic, or simply isotropic if 
G = Io{M,g), if and only if there exists A £ t such that V = A* 07, or equivalently, if there 
exists an A £ t such that (see [12]) 

(2.8) V'{0) = [A,u]. 



3. Jacobi osculating rank 



Let (M = G/K,g) be a connected naturally reductive homogeneous Riemannian manifold 
with adapted decomposition g = m © t. For each t £ IR, denote by Ru{t) the (1, l)-tensor on 
m obtained by the parallel translation of the Jacobi operator i?^^ along the geodesic 7^, i.e., 

where r* : TqM = m — > T^^^^^^M is the parallel translation with respect to V along 7^ from 
o = 7m(0) to ^u{t). Then Ru{t) is a curve in the n{n + l)/2-dimensional vector space S(m) 
of all self-adjoint operators of (m, <,>) with i2„(0) = Ru, being R^ := R{u,-)u. S(m) is a 
Euclidean vector space with inner product defined by 

n 

(3.9) <K,K' >=Y,< K{ei)K'{ei) >, 

i=l 

for all K, K' G S(m), where {ei, . . . , e„} is an arbitrary orthonormal basis of (m, <, >). Be- 
cause, for naturally reductive spaces, the connection function A : m x m ^ m associated to 
V is given by h-xiy) = l/2[a;,y]m = SxV-, for all x,y G m, |l3j, Theorem 2.10, p. 197] it directly 
follows 

V(expiu)=^o?^ + ^ c 

at \t 

for each f G m, and hence the parallel translation is given by 

(3.10) r* = (expf'u),oe-*^", 

where e denotes the exponential map of the Lie group of the automorphisms Aut(m) of m. 
Note that 5^ : m ^ m is a skew-symmetric endomorphism of (m, <, >) and so, e"^" is a linear 
isometry of (m, <, >). 

Lemma 3.1. We have: 



(3.11) 



Ru{t) — Ad^tSuRu- 
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Proof. For x,y £m, using (|3.1QI) one obtains 

< Ru{t)x,y > = g^^(^t){R-i^{t)^ix,Tiy) = 5-^^(4) (-R^^(t)(exptn)*oe~*^"x, (exp tn)*oe~*'^"y) 
= 5^„(t)((exptu)*oi?„e~*^"x, (exp tn)*oe"*'^"y) =< ii^e-^-^^x, e-*'^"^ > 
= < e*'^"°i?„°e~*^"(x),y >=< {Ad^tSuRu)x,y > . 

Then, we have proved (|3.1ip . □ 
Hence, the curve Ru{t) in S(m) can be expressed as the power series expression 

00 

(3.12) Ru{t) = e'^''''-{Ru) = Y,-^S':-Ru, 

where Su acts as a derivation on the space of the endomorphisms End(m) of m. It proves the 
following. 

Lemma 3.2. We have: 

Rll{0) = Sl-Ru, foralliGN. 

A curve a : I — > M in an arbitrary manifold M is said that has constant osculating rank 
r if for all t G I, its higher order derivatives a' (t) , . . . , a'^\t) are linearly independent and 
a'{t), . . . , a^'^^\t) are linearly dependent in Tq,(j)M. Orbits of one-parameter subgroups of a 
Lie group acting on M are examples of curves with constant osculating rank. Concretely, we 
have 

Lemma 3.3. Let G be a Lie group acting on M from the left and let a be the curve in M 
given by a{t) = {exptX)p, for some X £ q and p G M. Then, 

a^^t) = (exptX),pa'=)(0), 

for all t £ and k £ N, and so it has constant osculating rank. 

Proof. Prom (12. 4p . taking into account that a is the integral curve through p of the funda- 
mental vector field X*, we obtain a'{t) = (expiX)*pa'(0). Hence, it follows that a'{t + s) = 
{exptX)^,^(^g-^a' (s) and then, 

""(0 = ||,(exptX),pa'(0) = ||4|^^^(exp(f + s)X)p = i^^^J^.ait + s) 

= fs\s=o"'(* + ^) = f |s=o(^^P tX)^^^,)a'{s) = (exp tX)^pa"{0). 

For the general case, we just use induction. Suppose that a'^\t) = (exptX)*pa*''(0), for any 
i < k — 1 and A; > 3. We obtain 

= i^,{exptX),pa'~^\0) = || J|^^o(exptX),„(,)(expsX).pa^-2)(0) 

= Ts\s=oi\ti^Mt + s)X)^,a'^-')iO) = ^|,=ol|*"'"'Ht + s) = i\s=o^'~'\t + ^) 
= ^|^^Q(exptX),„(,)a'=-i)(s) = (exptX),pa'=)(0). 

□ 

Because {Adf,tSu \ t S JR} is a one-parameter subgroup of the isometry group of (S(m),< 
,>), it follows from Lemmas 13.11 and 13.31 that it has constant osculating rank, the Jacobi 
osculating rank of 'ju- For each unit vector u £ m, denote by ^^^(m) the smallest subspace of 
S(m) such that Ru and Su ■ "^ui^^) C 3iu(m). From Lemma [3?2l iRu(m) is generated by Ru, 
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Su-Ru, ■ ■ ■ ,Sl^-Ru- Hence, r = dim3iu(m) — 1 or r = dim 31^ (m) and then, taking into account 
that K{u) = 0, for each K G 3l„(m), we have 

Tlifl — 1 ) 

rankosclii) < dim3lu(m) < ^ . 

Remark 3.4. A homogeneous Riemannian manifold (M = G/K,g) is said to be a g.o. space 
if each geodesic starting at the origin is an orbit of an one-parameter subgroup (exptZ) of 
Z £ Q. Naturally reductive spaces are g.o. spaces but there is a large number of examples of 
g.o. spaces which are not naturally reductive. In similar way as before, one obtains that the 
parallel translation along the geodesic 7u(t) = (expiZ)o on a g.o. space is given by 

r* = (exptZ),oe-*'^" 

and then the formulas (13. lip . (|3.12l) and Lemma 13.21 hold. Hence, the notion of Jacobi 
osculating rank can be directly extended to g.o. spaces (see [T] for more details and references). 

When the Jacobi osculating rank does not depend on the choice of the geodesic, the natu- 
rally reductive homogeneous manifold (M, g) is said to have constant Jacobi osculating rank. 

Lemma 3.5. Any naturally reductive homogeneous manifold {M,g) of constant Jacobi oscu- 
lating rank zero is locally symmetric. 

Proof. For each unit vector u in m, let Ai,...,An be the eigenvalues and {ei,...,en} the 
corresponding eigenvectors of the operator Ru- Because rankosc(u) = 0, it follows that Ruit) = 
Ru, for all t £ IR, and then, Tu°Ru = R-ju °Tu- Hence, R-y^Ei = XiEi, i = 1, . . . ,n, where Ei is 
the vector field along 7^ given by Ei{t) = T^iei). Then {Ei, . . . ,En} becomes into a parallel 
frame field of eigenvectors of the Jacobi operator R-y^ with constant eigenvalues Aj and so, 
{M,g) must be locally symmetric p]. □ 
Because symmetric spaces have constant Jacobi osculating rank zero, then we have 

Theorem 3.6. A simply connected, naturally reductive homogeneous manifold has constant 
Jacobi osculating rank zero if and only if it is a symmetric space. 

Next, we also consider the curve Ruit) in §(rri) obtained by the V-parallel translation of 
R^^ along 7^. First, using (12. 6p . we get 

(3.13) R.y^ = R^^ + S"^^. 

Lemma 3.7. The curves Ruit) and Ruit) have the same osculating rank. Moreover, we have: 

(i) Ruit) = Ruit) + Si 

(ii) RlliO) = i?j](0) = Si ■ Ru, for all i G N. 

Proof. Because J = ^ + S^,^, one obtains = -^^p- and, using that VS = 0, the 

tensor field S-y^ is V-parallel along 7„, or equivalently, tI°Su = S^y^orl Then, the curve 
Suit) = ° S^^°Ti is constant and (i) follows by using (|3.13l) . Now, using Lemma [3?2l we 
also get (ii). □ 
On naturally reductive homogeneous spaces (M = G/K,g), any G-invariant (unit) vector 
field is Killing and so, each one of its integral curves is a geodesic. 

Lemma 3.8. The Jacobi osculating rank of each integral curve of a G-invariant vector field 
is zero. 
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Proof. Put u = Uo € xn. Then u is ^d(-R')-invariant and it imphes [€,n] = and from (|2.5p . 
Ru = 0. Because R is G-invariant, it follows that R^^° {exptu)^:o = {exptu)^o° Ru and then 
R-y^ vanishes along 7^. From Lemma \3J[ rankosclii) = 0. □ 
Hence, using Lemma 13.51 we have 

Proposition 3.9. Any non-locally symmetric naturally reductive space {M = G/K,g) with 
a G-invariant vector field has non-constant Jacobi osculating rank. 

In [121 Lemma 5.5] it is proved that any non-locally symmetric naturally reductive space 
{M,g) of dimension n < 5 admits a naturally reductive quotient representation G/K and a 
(non-parallel) G-invariant unit vector field. Then, we can conclude 

Corollary 3.10. Any non-locally symmetric naturally reductive space of dimension n < 5 
has non-constant Jacobi osculating rank. 

Remark 3.11. Simply connected Killing-transversally symmetric spaces are introduced in 
[To] as simply connected Riemannian manifolds equipped with a complete unit Killing vector 
field ^ such that all reflections with respect to its integral curves are isometrics. This family 
of naturally reductive spaces contains to M^{k,t), for all k and r > 0, and ^ is G-invariant 
with respect to a naturally reductive representation M = G/K. The dual one- form of ^ with 
respect to the metric is a contact form if and only if it is irreducible [101 Theorem 5.1]. Then 
we can give a lot of examples of irreducible naturally reductive spaces with non-constant 
Jacobi osculating rank: Generalized Heisenberg groups equipped with suitable left-invariant 
metrics, Berger's spheres, (/9-symmetric spaces, Sasakian space forms, etc. 

4. Jacobi osculating rank of geodesics on M^{k,t) 

A naturally reductive decomposition for the Lie algebra of the isometry group and an 
adapted canonical connection for M^{k, t) are obtained in [20] by using of naturally reductive 
homogeneous structures. Next, we give a brief summary from Theorems 6.4 and 6.5 in |20[ . A 
non-vanishing naturally reductive homogeneous structure on an arbitrary three-dimensional 
(oriented) Riemannian manifold (M^,g) can be expressed as 5 = Xdv, for some non-zero 
constant A, where dv is the volume form on and 5 also denotes the 3-form S{X, Z) = 
g{SxY, Z), for all X,Y,Z E X{M^). Because S and —S are isomorphic structures, we can 
take A > 0. Then there exists an orthonormal basis {ei, 62, 63} of m = TqM^ such that 

(4.14) 5eie2 = Aes, Se^ei = Xe2, SejCs = Aei. 
For M^{k,t), putting 63 = we get A = ^ and R is expressed as 

(4.15) Reie2 = t'^)Ai2, Re^ea = 0, Re^e^ = 0, 

where A12 is the skew-symmetric endomorphism on m given by 

^1261 = 62, ^1262 = -ei, ^1263 = 0. 

Note that if k = r^, then R vanishes and M^{k,t) is an Einstein manifold and hence, of 
constant curvature. The holonomy algebra t of V is generated by A12 and the transvection 
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algebra tr(m) = m © t is generated by {ei, 62, 63, A12} with Lie bracket given by 

f [61,62] = res + (k - r2)^i2, [ei, 63] = -re2, [62,63] = Tei 

(4.16) { 

[ [A12, 61] = 62, [A12, 62] = -61, [A12, 63] = 0. 

Hence, putting 

(4.17) ui=ei, U2 = 62, U3 = 63H ^12, 



the subspace f) of tr(m) generated by ui, U2, U3 is a three-dimensional unimodular Lie algebra 
and the linear isometry / : ToM'^{k,t) = m — > f} given by f{ei) = Ui, i = 1,2,3, determines 
a (unique) isometry from M^{k,t) to the connected and simply connected Lie group with 
Lie algebra f) equipped with the left invariant metric such that {ui, U2, U3} is an orthonormal 
basis. Then we can identify M^(k, r) with this unimodular Lie group and M3 with the Hopf 
vector field ^. From (I4.17p . we get 

[U1,U2] = TU3, [U2,U3] = fui, [n3,Ui] = fu2, 

(4.18) 

[Ai2,Ui] = U2, [^12, ^^2] = -Ul, [Al2,U3] = 0. 

Hence, it follows that tr(m) is a semi-direct sum f) x^l of 1) and t where /3 is the homomorphism 
of t into End{\]) given by (3{Ai2)ui = U2-, l3{Ai2)u2 = —ui, (3{Ai2)u3 = and we have 

vxe = X 

where x denotes the vector product in P). It implies that ^ is a unit Killing vector field and so, 
the geodesic ^e^it) = (expte3)o coincides with its integral curve through the origin. Moreover, 
the sectional curvature K{X,S,) of the two-plane spanned by X, ^ is a non-negative constant 
c^, called the ^-sectional curvature [10| . given by = ^ and {tii,ti2,C} is in fact a basis 

2 2 

of eigenvectors for the Ricci tensor p with p{ui,ui) = p{u2,U2) = k — ^ and /o(C,0 = "T' 
Furthermore, ^ is the vertical field of the fibration M^(k, r) M^/^ = M^(«;). Then M^(k, r) 
is a principal -bundle, where denotes the one-parameter subgroup of global isometrics 
^Pt generated by ^. is isomorphic to either the circle group or to IR depending on 
whether the integral curves of ^ are closed or not. In particular, G^ is a circle when M^(k, r) 
is compact. If c = 0, or equivalently r vanishes, this fibration becomes trivial and we get 
the product spaces M^(k) x ]R. For n > 0, the metrics g = g^^r are known as Berger metrics 
and the corresponding fibration, as the Hopf fibration. Here, as it has been already said, ^ is 
called the Hopf vector field of M^{k, r), even for the < 0. 

We shall use the following result, which can be of interest by itself. 

Lemma 4.1. Each non-symmetric connected and simply connected three-dimensional normal 
homogeneous manifold is isometric to S^{k,t), for some pair {k,,t) such that k > r^. 

Proof. The set of all inner products on tr(m) whose restriction to m is <, > and such that £ is 
orthogonal to m form an one-parameter family {Br | r > 0}, where i?r(^i2, ^12) = r. Then, 
from (|2.2p and using (I4.16p . Br is bi-invariant if and only if r = . So, the existence of 
bi-invariant metrics on M^{k,t) is determined by the condition k — > 0. □ 
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Each u £ m can be written as u{6, (j)) = sin ^ cos (/>ei +sin0sin(;^e2 + cos Oe^, where 6 G [0, vr] 
and (j) £ [0, 27r]. Then, we get 

(4.19) n(0,0) = e'^^i2^(0), 

where u{6) denotes the unit vector in the plane JR{ei,e3} given by u{6) = u{6,0). 

Lemma 4.2. We have: 

(a) (exp(/>^i2)7„(0) = 7«{e,0)- 

(b) Su{e,(p) = Ad^4,Ai2Su{e), Ru{e,(t>) = ^de-t'^^i-iRuie), Ru{e,^) = Ad^4,Ai2Ru{e)- 

(c) Ru{9,4,)i't) = ^d^4'Ai2Ru{e)ii)- 

(d) icankoscu{0,<i)) = rankosc?i(0), for all (j) £ [0, 27r]. 

Proof. From KM . we get ^4xp0Ai2 = e'^'^'^^i^ = e^^^i^. Then (I4T9D can be written as 

Hence, (a) follows taking into account that the action of the linear isotropy group of the 
isotropy subgroup K of M'^{k,t) at the origin corresponds under projection with Ad{K) on 
m. Note that K is connected because M^{k,t) is simply connected and then it coincides with 
the one-parameter subgroup exp(j)Ai2. 

In (b), we shall only prove the first equality, the other two are obtained in similar way. 
Because the tensor field S is invariant for the isometry group of M^{k,t), S as tensor on m 
is j4(i(i<')-invariant and then »S'„(e,0) ° ^f^exp (/>Ai2 = ^'^exp(/>Ai2 °Su{e)- Hence, we obtain 

For (c), we use Lemma [3?2] and (b) to obtain 

(4-20) 4,^^)(0) = Ad,,.,2<,)(0). 

Finally, because Ad^^Ai2 belongs to Aut(S(m)), we have (d). □ 
Therefore, we may restrict our study of the geometry of geodesies on M^(k, r) to geodesies 
emanating from the origin with initial directions u{9), 9 £ [0,7r]. 

Theorem 4.3. The Jacobi osculating rank of every geodesic 7^ on M^{k,t) is two except for 
the H op f fibers, where it is zero. Moreover, we have: 



(i) Ruit) = Ru + ^[smTtR'^iO) + ^{l-cosTt)K{0)y 

(ii) For each u = u{6 , (p) with 6 £]0,'7t[, Ruif) is a circle in %{xn) of radius ^\t'^ — k\s\v? 0. 
Proof. With respect to the basis {61,62,63} on m, using (I4.14p and (|4.15l) . we get 



Su{e) - 2 



/0-cos6lO\ /OOO 
cos6l -sin6l ; = 2x^(6*) 0-10 

\0sin6l 0/ VOOO 
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where /u(6') = ^27# sin^ 9. Note that fj,{6) = if and only if 6* = or = vr, i.e. on the Hopf 
direction. By a direct computation, we have 



and 



Si 






cos 9 





cos 





— sin( 





— sin 


9 


- cos^ t 


? 


sin 9 cos 





1 






Moreover, one obtains S'^^g^ • Ru(e) 



\ sin 9 cos 9 0— sin^ 9 
-T'^Su(e) • Ru{e) and S^^^^^ ■ Ru{e) 



Therefore, taking into account that S^'^'^ • Ru(e) = ° ('5*^ ' ^u{e)) ~ {^^ ' Au(e)) ° Su{0)j it 
follows by the induction 

g2k-l 

(4.21) 



R„ 



Then, from Lemma [321 and Lemma \^72\ id), we obtain that rankosc^''(^, 0) = 2 if 6* G]0,7r[ 
and rankosc(±e3) = and it proves the first part of the Theorem. Moreover, (i) follows from 
(142111 . using Lemma [Ml Lemma |421(b) and ^^7M . 

For 9 g]0, 7r[, the elements {vi{9),V2{9),v^{9)} of §(m) given by the matrices 

.2, 



Rn 



v,{9) = ^ 



/ 

cos / 

V 



cos u 


— sin ( 




, V2{9) = ^ 




V3i0) 



2 



/ — cos^ 9 sin cos 9 \ 

0-10 
\ sin 9 cos 9 Q — svc? 9 J 
constitute an orthonormal basis for i2„(5i)(m) in (S(m), <, >) and we get 

=^T^ii{9){v:,{9)-V2{9)), 

(4.22) K(,)(0)=V2rV(^)^i(^), 

Ru(e) =-^T^[^my2{9) + (1 - A^l{9))vm)■ 
Hence, (i) implies that 

Ru(e){t) = V2T'^fi{9)( sin Ttvi{9) - cosTtv2{9)) + ^T\fi{9) - l)v3{9) 



o2 



R:^e)iO)=V2T^mv2i9), 



Then, putting Ru(0){va) = IR^[x, y, z], where x, y, z are the cartesian coordinates with respect 



to {vi{9),V2{9),V3{9)}, Ru{e){'t) is the circle in the plane z = ■^T^(Ai(^) — 1) such that x = 
\/2t'^h{9) sinrt, y = —\/2t^ij,{9) cosrt. Because the Euchdean product <, > of S(m), defined 
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in (13. 9p . coincides with the trace form of End(m), it is, in particular, Ad{e'^^^^)-mvax\ant and 
so, (ii) follows from Lemma [42] (c). taking into account that S'^^g ^-^ = Ad^cpAi2S'^^gy □ 

Remark 4.4. The circle Ru(e,(j,){i) is in the plane of §(m) determined by its centre, i.e. the 
point {4:iJ,{9) — l)5'^(g0)5 and the subspace generated by R'^^e ^)(.^) and -^"(e (^)(0); its period 
is ^ and it contracts to R^^ when 9 converges to or to vr. 

5. Isotropic conjugate points in M^{k,t) 



Next, we determine all pairs of conjugate points of M'^{k,t) and those which are isotropic 
or strictly isotropic. As before, we only need to consider geodesies 7„(e), with 6 £ [0, vr]. Note 
that if 7„(6)) is an isotropic geodesic, then 7M(e,0) is also isotropic. Prom (12.8(1 . a Jacobi field 

V along 7u(0) in M^(k, r), with V{0) = is isotropic if and only if V'{0) is collinear with 62- 
Hence, dim Isot (7^(5 0)) = 1 if 6* €]0, 7r[ and zero for the fibers of M^(«;, r), where Isot(7^(£) 0)) 
denotes the space of all isotropic Jacobi fields along 7m(6»,0) vanishing at the origin. Moreover, 

V along 'Ju(e,<f>) is isotropic if and only if V'{0) is collinear with e^^^'^e2 = — sm(f>ei + cos 062. 
Therefore, we also have 

Lemma 5.1. All pair of isotropic conjugate points in M^{k,t) are strictly isotropic and all 
isotropic geodesic is strictly isotropic. 

Now, we prove the main theorem of this section. 

Theorem 5.2. A geodesic "f(t) on M^{k,,t) starting at the origin with slope angle 6 admits 
conjugate points to the origin if and only if X{6) > 0, where A is the function given by 
X{9) := Ksin^ 6* + cos^ 9. Moreover, we have: 

(i) The conjugate points along the Hopf fibers are at t = p £ N, their multiplicity is 
2 and they are not isotropic. 

(ii) For 9 s]0, 7r[, the conjugate points along 7 to the origin are all 7(-^7==y), where 

1. s = 2p7r, p G N, 
or 

2. s is a solution of the equation tan | = fJ,{9)s, where ^{9) = ^^272^ sin'^ 0. 

In the first case, they are strictly isotropic and the second one, they are not isotropic. 
In both cases, their multiplicity is 1. 

Proof. First, we shall show that the tangent conjugate locus conj(M^(K, r)) of the origin is 
given by 

conj(M3(K,r)) = {^^u{9,cP) \ A(0) > 0, s G Z+{fe)}, 
^J\[9) 

where Z~^{fg) is the set of zeros s G JR,^ of fe{s) = 1 — cos s — ^(0)s sins. (See Fig. 1 and Fig. 
2). 

The Jacobi equation (12. 7p for geodesies ^u(e) ™ay be expressed, from (|4.14|) and (14.15(1 . as 

X^" -r cos 0X2' = 0, 
(5.23) .J X2" + r(cos 9X^' - sin 9X^') - 2T^fi{9)X^ = 0, 

X^" + Tsm9X^' = 0, 
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where the solutions X{t) in m are given by X{t) = Y2i=i-^^i^)^i- If ^ = or ^ = tt, then it 
reduces to 

-1" ^V2' 



0, 
0, 



(5.24) 



X' - tX' 
X^" + rXi' 
. X^" = 

and the Jacobi solutions X such that X{Q) = are given by 

X{t) = {A{1- cos Tt) - B sin Tt)ei + {Asmrt + B{1 - cos rt)e2 + Cte^, 

where A, B, C are constant. Hence, the conjugate points to the origin along the geodesic 
7(t) = (expte3)o are given by 7(27rp/r), for p E Z* , the multiplicity of each one of them is 2 
and they are not isotropic using (|2.8I) . It proves (i). 

Next, we suppose that 9 G]0,7r[. Differentiating the second equality and substituting in it 
the first and the second one, the system (I5.23P can be reduced to 

' X^" = TcosOY, 

Y" + Ay = 0, 
, X^" = -TsmOY, 

where Y = X"^' . If A = \{9) > 0, then Y = Acos^/Xt + Bsm\^t, where A and B are 
constants. It is straightforward to check that the solutions of above system such that 

X'{0) = 0, i = 1, 2, 3, for 61 / f are given by 

X^{t) = (^A{1- cos VXt)-B sin ^/Xt + C^/Xt^, 

X^{t) = -^(^Asm^/Xt + B{l-cosVXt)y 

X^{t) = -Z^(^A{l-COS^At)+B{^^/Xt-Sm^/Xt)-Ccot^e^Aty 

Then the arc length t, t / 0, at the conjugate points along 7 are the zeros of the determinant 

1 — cos \/Ai — sin \/Ai 1 

sin \/At 1 — cos ^/Xt 

'2 



1 



COS 



sm 



cot" 



For 6* = 5, the corresponding solutions are given by 



x^t) 



Ct 



(^^sin y^t + B{1 — cos ^/^t) 
(^(1 - cos ^t) + B{^^t - sin v^t) . 



Hence, making straight calculations and putting s = s{t) = VXt, one obtains that for both 
cases the problem to find the conjugate points to the origin, reduces to find the zeros of the 
function fe{s) = 1 — coss — n{9)ssms, for 9 G [0, vr]. Hence, it follows that sins = 0, or 
equivalently s G 27rZ, or, putting ^ = fi{9), 



1 



cos s 



sm s 



2fis 

1 + ^2^2' 
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which yields to the equation tan | = /is. Because the rank of these matrices is two, the 
multipHcity n^^^^^^ls / of the conjugate point 7m(6»)(s/a/ A(^?)) is one. Moreover, the 
space of isotropic Jacobi fields along 7 are spanned by V{t) = (exptn)*oX(t), where 

X{t) = T cos 0(1 — cos\/At)ei + \/Asin\/Ate2 — r sin 0(1 — cos \/At)e3. 

Therefore, the isotropic conjugate points to the origin are all 7(t) with t^/Me) e 27rZ*. 

For the rest of the cases, that is for X{6) < 0, one can check by straightforward computations 
that the geodesic 7u(6i) does not admit conjugate points to the origin, which proves the first 
part of the theorem. We have also proved that Z'^{fe) = {2p7r | p G N}, if = or = vr and 
Z+(/6i) = {2p7r I p G N} U{s G -ZR I tan § = ^i{9)s} if 9 G]0,7r[. Hence, using Lemma ISTTl we 
get (i) and (ii). □ 

Next, we give some applications of Theorem 15.21 We start determining the isotropic 
geodesies of M^(k, r). 

5.1. Isotropic geodesies. As well-known, every maximal geodesic of a homogeneous Rie- 
mannian manifold is either one-to-one or simply closed. 

Proposition 5.3. We have: 

(i) All closed geodesic on M'^{k,t) starting at the origin with slope angle 9 G]0,7r[ admits 
isotropic conjugate points and its length is a integer multiple of '^^ 



m 

(ii) Any isotropic geodesic is one-to-one. 

Proof. Let 7^ be a closed geodesic starting at the origin with length I and slope angle 9 g]0, tt[. 
Then the vector field V = A*2°7ti along ^ju satisfies V{0) = V{1) = 0. Moreover, it is an non 
zero isotropic Jacobi field. In fact, we have (see, for example [211 P- 577]) 

V'{0) = [Ai2,n] =^i2(u) /O. 

Hence, 7^(0) and 7u(/) (7^(0) = 7u(0 the origin of M^(K,r)) are isotropic conjugate points 
and, using Theorem 15.21 there exists p G N such that I = "^^py- It proves (i). Because 

the existence of isotropic conjugate points to the origin along a geodesic implies also, using 
Theorem 15.21 the existence of non-isotropic conjugate points, (i) allows to show (ii). □ 
In [Jl Corollary 3.8 and Proposition 3.10], S. Engel has proved that a geodesic on M^{k,t) 
with slope angle 9 G]0,7r[, such that X{9) > intersects the Hopf fiber through the origin 
periodically at the points 7(2p7r/yA(0)), p G N. Then, using Theorem 15.21 we can show the 
following. 

Proposition 5.4. Any geodesic on M^{k,t) starting at the origin with slope angle 9 G]0,7r[ 
intersects the Hopf fiber through the origin exactly at its isotropic conjugate points. 



From here and using Theorem 15.21 we have 

Corollary 5.5. Let j be a geodesic in M^{k,t) with slope angle 9 g]0, 7r[. Then the following 
statements are equivalent: 

(i) 7 is isotropic; 

(ii) 7 does not admit any pair of conjugate points; 

(iii) 7 intersects each Hopf fiber only at a unique point. 
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Remark 5.6. The Hopf fibers of ff3(r) and SL2{k,t) are one-to-one geodesies and on 5^ (k, t) 
they are simple closed geodesies with the same length (see [TO]). For the Berger metric 
obtained upon scaling the fibers of the length 27r of the Hopf fibration 5^(1) — > 5^(4) = S'^/S^, 
where S^{k) or S^{k) denote the correspoding spheres of radius the length of its fibers is 

I = |27rc|, being the ^-sectional curvature. For S^{k,t) — > 5'^(k), taking into account that 
metric of S'^{k) is given by a homothetic change from the metric of S'^(4) with coefficient ^, 
it follows that I is given by / = 

Using the above results and taking into account that a geodesic without pairs of conju- 
gate points is considered by definition strictly isotropic, we can conclude with the following 
corollaries. 

Corollary 5.7. On H^{t), we have: 

(i) All geodesic is one-to-one. 

(ii) A geodesic is isotropic if and only if its slope angle is 9 = tx 12. 

Corollary 5.8. On SL2{k,t), we have: 

(i) All geodesic is one-to-one. 

(ii) A geodesic is isotropic if and only if its slope angle 9 belongs to [e,7r — e], where 
£ = arctan -^^^^ ■ 

According with [Jl Corollary 3.12], a geodesic on S^(k, r) with slope angle 9 g]0, tt[ is closed 

2 

if and only if -^7== cos G Q. Then, using Proposition 15.31 it follows 

Corollary 5.9. On S^{k,t), we have: 

(i) A geodesic with slope angle 9 G]0,7r[ is closed if and only if its length I satisfies 

-^(r^ - k) cos 61 G Q. 
27r 

(ii) Any geodesic is not isotropic and it admits conjugate points. 

5.2. Conjugate radius. Denote by pconj (9) the conjugate radius of a geodesic 7 on M^{k, t) 
with slope angle 9 emanating from the origin. If Pconj(^) is finite, it is the distance along 7 
from the origin to its first conjugate point. Put Im'-^{k,t) = {9 £ [0, vr] | X{9) > 0}. Then, 
^H3(t) = [0, f [U]f , vr], Is3(^,r) = [0, tt] and Isl2{k,t) = t^' ^t^]^ - where e = arctan 
Hence, one obtains fi{9) < 1/2 for all 9 G Im3(k.,t) moreover, < /x(0) < 1/2, if k < r^, 
and ii{9) < 0, if k > r^. See Fig. 1 and Fig. 2 for the behaviour of fe{s) in both cases. 
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t/=tan|- 


A 






/ \ 





















Fig.l K < tMO < )i(e) < 1/2) iTj^.^ 

Proposition 5.10. We have: 

(i) T/ie conjugate radius /3conj(^) satisfies 

+ 00 6* ^ lM3(n,T), 



K > T ■ 



(^i(e) ^ 0) 



Pconj (^) 



27r 



if k<t'^, e Im^{k,t): 
if K> r^, 



where so{9) G]7r,27r[ and tan = fi(9)so{6). 
(ii) The first conjugate point of 7 is isotropic if and only if k < t'^ and g]0, 7r[. 

Proof. Because (tan |)'(0) = |, the equation tan | = fJ.{9)s has solutions in ]0, 27r[ if and only 
ifAt(6') G]-oo,0[U]1/2,+(X)[. Then, from TheoremEU pconjiO) = 2tt / ^/MO) ii < ^i{9) < 1/2 
and /Oconjl^*) = so{9)/^yX{9) if ;u(6') g] - 00, 0[. It gives the result. □ 

Remark 5.11. The first conjugate points to the origin for the Berger's spheres given by 
= 5^(4, 2 sin a), a G]0,7r/2], has been determined by I. Chavel [5] (see also [iBJ Lemma 
2.3], [Ul Proposition 3.1]). This result is a particular case of the above proposition. 

For K > r^, one obtains that 9 = 7r/2 minimises iJ,{9) and so it is also a minimum for the 
map So- Hence, the following result is immediate. 

Corollary 5.12. The conjugate radius pconi{M^{K,T)) of M^{k,t) satisfies 

. ^, ^f^<r' 

Pconj{M^{K,T)) 



fo(i) 



if K> T^. 



Prom Lemma [4.11 one directly obtains the following. 

Proposition 5.13. A simply connected non-symmetric ?>- dimensional homogeneous manifold 
is normal if and only if all its first conjugate points of a fixed point are not isotropic. 
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5.3. Tangent conjugate locus. Denote by Sp, p G N, the smooth map Sp :]0, 7r[^]2p7r, 2{p+ 
1)-k[ where Sp{9) £ Z'^{fg), that is, Sp{6) is the (unique) solution of the equation tan | = n{6)s, 
such that Sp{9) £]2piT, 2{p + l)7r[. Then, as one can see in Fig 1 and Fig 2, we get: 

a) If K < r^, limg^o+ ^pi^) = ^^^e-,n- ^p{^) = ^pvr, Sp{^) is a maximum for Sp on ]0, 7r[ 
and Sp{]0, 7r[) C]2p7r, {2p + 1)tt[. 

b) If K > T^, lim.0_,Q+ Sp{9) = lim.g_^- Sp{6) = 2{p + 1)tt, Sp(f) is a minimum and 
Sp{]0,Tr[) C](2p+l)^,2(p+l)7r[. 

We can extend Sp to [0,7r] taking Sp{0) = Sp(vr) = 2p7r, if k < r^, and Sp{0) = Sp(7r) = 
2(p + l)7r, if K > r^. Moreover, if — k ^ +oo, then Sp{6) (2p+ l)7r^ and if — k — > — oo, 
then Sp{e) (2p+ l)7r-, for all 9 G]0,7r[. 

Denote by conjjgo^(M^(K, r)) the isotropic tangent conjugate locus of M^{k, t). Then, using 
Theorem 15.21 and Proposition 15.101 we get 

Lemma 5.14. The tangent conjugate locus conj(M^(K, r)) is the union of the following regular 
surfaces of revolution: 

conj(M^(K,r)) 

and 



SoU(Up6MSpUSy, if k>t\ 

2p'K , 



con],,,,{M\K,T)) = IJ (8i\{(0,0,±^)}), 



peN 



where 8^ = {^^u{9A)}. = {^n(0,0)} and = {I0^u{9A)}. for each p e N, 
and for all 9 G Im'-^{k,t) ^.f^d 4> £ [0, 27r]. 



Remark 5.15. is the surface generated by revolving the curve Oip{9) = {2pT[ / \J X{9))u{9), 
for p G N and 9 G Im^{k,t): Sp by revolving the curve a'^{9) = {sp{9) / ^J\{9))u{9) and Sq, for 
p = 0. All these surfaces are regular. In fact, using that limg^o+ •Sp(^) = li™6»^7r- s'p{9) = 
and putting m = JR,^[x, y, z], where x,y,z are the cartesian coordinates with respect to 
{61,62,63}, we get 

lim,^o+K)'(^) = -lim,^,-(ai)'(0) = (^,0,0) 

lim,^o+(«p)'(^) = -hme^.-{aly{9) = (^,0,0), if k < r^, 

lim,^o+(«^)'(^) = -lime^,-(a2)'(0) = (H(p±1)£, 0, 0), if « > t\ 

For the Heisenberg group H^{t), Lemma [5. 141 gives 

Proposition 5.16. We have: 

(i) The tangent conjugate locus co\i]{H^{t)) of H^{t) is given by the union the planes 
Hp : z = =b^^, p G N, and the surfaces of revolution parameterised as 



f±((9,0) = ^^(tan6'cos0,tan6'sin0,±l), 9 G [0, ^[ 
T 2 

(ii) conji3„t(^3(T)) = UpeN \ {(0,0,±2£l)}) 
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(iii) The first tangent conjugate locus coni^{H^{T)) of H-^^t) are the planes Ilf : z = 

(iv) The first conjugate points to the origin are all isotropic up to the points where 
7 is the Hopf fiber through the origin. 

Prom Theorem 15.21 {x,y,z) belonging to conj(M^(K;, r)) satisfies 

s sin 9 cos (j) s sin 9 sin cj) s cos 9 

for 9 G Im^(k,t) and s G Z'^ife). Then, we have + + = and for n ^ 0, one obtains 

X{9) = ■ Hence, we get k(x^ + y^) + r^z^ = s^. It impHes that the surfaces 8^, for 

p G N, in Lemma 15.141 are elhpsoids if k > 0, and hyperboloids of two sheets if k < 0, and 
Sp are surfaces of revolution generated by revolving the curve kx'^ + r^z^ = Sp{9) about the 
z-axis for p G N U {0}. Therefore, one can conclude with the following results: 

Proposition 5.17. We have: 

(i) The tangent conjugate locus conj(5^(K, r)) of S^{k,t) is given by the union of: 

(a) the ellipsoids Ep : k(x^ + y^) + r^z^ = 4p^7r^, p G N; 

(b) the surfaces of revolution §p, for all p G N, generated by revolving the curve 
Kx'^{9) + r^z^(6') = Sp{9) about the z-axis and moreover, for p = 0, when k > r^. 

(ii) conji3„,(53(^^^)) ^y^^^(^£^\{(0,0,±^)}). 

(iii) Ifn< t2, conji(53(K,r)) = £i. 

(iv) IfK>T, conji(S3(K,r)) =So. 

Proposition 5.18. We have: 

(i) The tangent conjugate locus con]{SL2{K,T)) of SL2{k,t) is given by the union of: 

(a) the hyperboloids of two sheets JCp : k(x^ + y^) + r^z^ = 4p^7r^, p G N; 

(b) the surfaces of revolution Sp, for all p G N, generated by revolving the curve 
Kx'^{9) + r^z^(6') = Sp(6') about the z-axis. 

(ii) conji,„,(^2(^,r)) = UpeN {^p \ {(0, 0, i^EI)}) . 

(iii) conj-'^(5L2(K, r)) = Jii. 

(iv) T/ie /jrs^ conjugate points to the origin are all isotropic up to the points where 
7 is the Hopf fiber through the origin. 
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